MATH 563 Mathematical Statistics

Fred J. Hickernell Test 1 Thursday, February 26, 2026
Instructions:
i. This test has FOUR question(s). Attempt all. The mazimum number of Q Score

points s 100.

7. The time allowed is 75 minutes. 1

11. This test is closed book, but you may use 4 double-sided letter-size sheets
of notes. 2

w. No calculators or other electronic devices are allowed. Phones must be
placed in your bags under your desks or at the front of the room. Hands 3
must be on top of your desks.

v. You are expected to simplify any expressions that can be simplified as whole 4
numbers, e.g., 36/15 = 12/5, but you may leave other expressions as is,
e.g., VA7 or 18/29. Total

vi. You will be provided all of the critical values that you need.

vii. Show all your work to justify your answers. Answers without adequate
justification will not receive credit.

vitt. Print your name clearly on each answer sheet.

iz. Off-site students may contact the instructor as directed by your syllabus.

I understand these instructions and have not relied on any help for this exam beyond what is allowed, nor
provided any help to anyone else beyond what is allowed.

Signature Date

Printed Name

Upper quantiles: ¢, satisfies P(X > ¢,) = «

X « 0.995 099 0975 0.95 0.9 ‘ 0.1 0.05 0.025 0.01 0.005
Norm(0,1) 2z, -2.58 -233 -1.96 -1.64 —1.28‘1.28 1.64 196 233 2.58

X2 Xl 216 256 325 394 487 [ 160 183 205 232 252
X30. 743 826 959 109 124 | 284 314 342 376 40.0
X3 200 214 237 257 282 | 507 546 581 624 655
Xl 207 222 244 265 291 | 518 558 593 63.7 66.8
Xia 214 229 252 273 299 | 529 569 606 65.0 68.1

For problems 1. and 2. we have random data, X;,..., X, 0 Exp(\), where A = 1/E(X3).
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1.

(40 points)

a.

(15 points) What is the maximum likelihood estimator (MLE) for the parameter A?

Answer: Let X = (X1,...,Xy). Since the likelihood and log likelihood for the data are

LN X)=0ox(X |\ = H)\exp(—/\xi) = N'exp(—ATy), T, =X+ X,
i=1
(N ] X) =log(L(X| X)) = nlog(\) — XTI,

where ox s the multivariate density of the data. The MLE for A comes from maximizing

the log likelthood:

M| x n
0:(8)1) —— O:X_Tn —— AMLE,n:

n 1
T, X,
where X, is the sample mean.

(15 points) What is the MLE for p = E(X;)? Is it unbiased?

Answer: Since p = 1/X, the MLE for ju is fipren = 1/AMLen = X,,. It is unbiased because

E(X,) =E (; Z)@-) = SR = () =
=1 =1

. (10 points) What is MLE for o, the standard deviation of X;? Is it unbiased?

Answer: Since for Exp(A) it follows that 0 = 1/\ = p, its MLE is the same as that for pu,
SMLEn = X, and so it is also unbiased.

This is a standard problem about MLE.
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2.

(30 points)

a. (15 points) Construct a one-sided 95% confidence interval for 4 of the form [0, m,,], assuming
n =10 and T1p = 14.5.

Answer: Because 2nA\X,, ~ x3,,, we have

_ 1 2nX
95% = P (X3n0.95 < 20AXp < 00) =P [0 < p= < < =0
A X2n,0.95

For this data .
N 20 x 10 N 290

My, = = =
X%n,0.95 10.9

26.6.

b. (15 points) Under a large sample size, n, approximation, how large does n need to be to
construct a 95% confidence interval for p of the form [0,m,], where m, is no more than
20% larger than Z,,7

Answer: For large sample size we have

_ X, — 1.64
95% ~P(0< p< X, Cr)oPlo<pu< X, |14+ =1,
wer(0 s Tt anz) #0214+ 7))

since 0 = p =~ X,. To make m, < 1.2%, we need

1.64 1.64)2
—6§0.2:>n2 L4 = (8.2)% > 68
NG 0.2

You need to recognize that part a requires a small sample size confidence interval using
the y? distribution. Also, this is a one-sided confidence interval. The critical value
corresponds to 5%, not 2.5%. For the exponential distribution, we can approximate the
standard deviation by the sample mean. For part b. you need to understand what is
being asked.
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3.

4.

(18 points) The manufacturer wants to construct a 99% confidence interval of the form [0, s,,| for
o, the standard deviation of the length of a part. Assuming that the part length is distributed
N(p,0?), and the sample standard deviation from 40 IID samples is 0.015, construct such a
confidence interval.

Answer: If S? denotes the random observed sample variance, then

— 182 o2x? 21.402 39
=D ol = 99% =P (Sio 2 X009 _ T ) =P (o< Swy) o

o? 39 39 214

so for this data with s = 0.015,

39
— 0.015¢/ 2 = 0.0202.
Su 214

It is important to understand that not all confidence interval are for means and tha in
this case one needs X§9,0,997 not X§970.01.
(12 points) Answer each of the following questions in a couple of sentences.

a. (4 points) Can a discrete random variable, X, have a mean, p, for which P(X = u) = 07
Answer: Yes. E.g.,, P(X =0)=P(X =1)=0.5 and u = 0.5.

b. (4 points) What kind of confidence interval should be used to measure the effectiveness of
a class when one can compare the performance of the same students taking a test at the
beginning of the term and another test at the end of the term?

Answer: This is a mean of differences, the difference in the score for a student.

c. (4 points) If IID data with common mean y and variance o have sample mean X, and if
Z ~N(0,1), can we say that

Yn_u
o/\/n

2% 7 asn — oo?

Answer: No. The CLT gives convergence in distribution to Z ~ N(0,1), but this does not
imply almost sure convergence. Indeed, the standardized mean does not converge almost
surely; it continues to fluctuate as n — oo.

Part a. emphasizes an important point about means. Part c. is deceptively like the
CLT.
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Test 1 Scores

Number of Students: 16, Minimum: 7, Maximum: 77, Mean: 40.3, Median: 40
Standard Deviation: 25.6, Quartiles (Q1, Q3): (13.5, 63)
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